We consider weighted Fréchet spaces of holomorphic functions which are defined as countable intersections of weighted Banach spaces of type H ∞ . We study when these spaces have Stefan Heinrich's density condition and when they are distinguished.
functions (weights) on an open subset G of C N , N 1, we consider the projective limit of the Banach spaces H w n (G) := {f ∈ H (G); f n := sup z∈G w n (z)|f (z)| < ∞} respectively H (w n ) 0 (G) := {f ∈ H (G); w n f vanishes at ∞ on G}, n ∈ N. We give a necessary condition for Stefan Heinrich's density condition (see [4, 17] ) in terms of the weights and their associated growth conditions (which were mentioned by Andersen-Duncan in [1] and studied thoroughly by Bierstedt-Bonet-Taskinen in [9] ). Using the class W of radial weights on the unit disk which was introduced by Bierstedt-Bonet in [7] we can then show that this condition is also sufficient.
Moreover, we give examples of non-distinguished Fréchet spaces HW(G).
The density condition and distinguishedness were studied for Köthe echelon spaces by Bierstedt-Bonet [4] , Bonet-Díaz [11, 12] and Vogt [32] . For weighted spaces of continuous functions Bastin [2] showed that these are equivalent properties which are satisfied if and only if the sequence of weights satisfies condition (D) of Bierstedt-Meise [10] ; for details we refer to [10] .
Let us explain how this article is organized. Section 2 gives the necessary notation and definitions. Section 3 consists of two parts. In the first part we give a necessary condition for the density condition. In the second part we restrict to the class W of weights on the disk to show that this condition is also sufficient. Section 4 is devoted to the study of non-distinguished Fréchet spaces of type HW(G).
Notation
Our notation on locally convex spaces is standard; see for example Jarchow [22] , Köthe [23] , Meise-Vogt [27] and Pérez-Carreras-Bonet [28] . For a locally convex space E, E is the topological dual, E b the strong dual and E i the inductive dual. If E is a locally convex space, U 0 (E) and B(E) stand for the families of all absolutely convex 0-neighborhoods and absolutely convex bounded sets in E, respectively.
A metrizable locally convex space E with a basis (U k ) k∈N of closed absolutely convex 0-neighborhoods has the density condition if for every sequence (λ k ) k∈N of strictly positive numbers and every n ∈ N there are m > n and a bounded subset B in E with m k=1 λ k U k ⊂ B + U n .
The density condition was introduced by Heinrich in [17] during his studies of ultrapowers of locally convex spaces and thoroughly studied by Bierstedt-Bonet in [4] . They showed that a metrizable locally convex space E has the density condition if and only if every bounded subset of the strong dual of E is metrizable (see [4, Theorem 1.4] ). Bierstedt-Bonet [5] also formulated a dual version of the density condition. They studied it mainly in the setting of (DF)-spaces. Let E be a locally convex space with a countable basis (B n ) n∈N of bounded sets. Then E has the strong dual density condition (respectively, the dual density condition) if for each decreasing sequence (λ k ) k∈N of strictly positive numbers and for each n ∈ N there are U ∈ U 0 (E) and m n with
Bierstedt-Bonet showed that a (DF)-space E has the dual density condition if and only if each bounded subset of E is metrizable.
A locally convex space E is said to be distinguished if its strong dual E b is barrelled. The notion of distinguished spaces is due to Dieudonné-Schwartz. Grothendieck showed that a Fréchet space E is distinguished if and only if E b = E i and that each Fréchet space with the density condition is distinguished. In general the converse is not true.
The question of the inheritance properties of the density condition under formation of injective tensor products led to the stronger property density condition by operators (DCo) which is due to Peris-Rivera. See [29, 30] .
A Fréchet space E has (DCo) if there is a 0-neighborhood base (U n ) n∈N in E with: There is B ∈ B(E) such that for every m ∈ N and every B ∈ B(E) we can find λ > 0 and P ∈ L(E, E):
In the sequel G denotes an open subset of C N , N 1. The space H (G) of all holomorphic functions on G will usually be endowed with the topology co of uniform convergence on the compact subsets of G. Let W = (w n ) n∈N be an increasing sequence of strictly positive continuous functions on G. For every n ∈ N the spaces
endowed with the norm · n are Banach spaces. The weighted Fréchet spaces of holomorphic functions are defined by
For each n ∈ N, let B n , respectively B n,0 , be the closed unit ball of H w n (G), respectively H (w n ) 0 (G), and C n := B n ∩ HW(G), respectively C n,0 := B n,0 ∩ HW 0 (G). By B n , B n,0 , C n , C n,0 we denote the co-closures of the corresponding sets. The sequence ( 1 n C n ) n∈N , respectively ( 1 n C n,0 ) n∈N , constitutes a 0-neighborhood base of HW(G), respectively HW 0 (G). Without loss of generality we may assume that (C n ) n∈N , respectively (C n,0 ) n∈N , is a 0-neighborhood base. Put
and C w := {f ∈ HW(G); |f | w on G}, respectively C w,0 := C w ∩ HW 0 (G), w ∈ W . We write C w and C w,0 to refer to the co-closure. (C w ) w∈W , respectively (C w,0 ) w∈W , is a fundamental system of bounded subsets of HW(G), respectively HW 0 (G). Each C w is absolutely convex and co-compact. (See [6, Section 3.A].)
Let v be a weight on G considered as a growth condition in the sense of [9] . Its associated growth condition is defined by
The series converges to f uniformly on each compact subset of G. The Cesàro means of the partial sums of the Taylor series of f are denoted by S n (f ) (n = 0, 1, . . .); that is,
Each S n (f ) is a polynomial (of degree n). Moreover, we have |S n f | |f | on G for every n ∈ N 0 (see [8] ) and S n (f ) → f uniformly on every compact subset of G (f ∈ H (G) arbitrary).
Bierstedt, Bonet and Galbis (see [8] ) used Cesàro means to show that if W = (w n ) n∈N is an increasing sequence of non-negative continuous and radial functions on a balanced open set G ⊂ C N , N 1, such that HW 0 (G) contains the polynomials, then B n,0 = B n and C n = B n hold for every n ∈ N. For examples of weighted Fréchet spaces of holomorphic functions we refer to [33] .
The density condition
In this section let G be balanced open subset of C N , N 1. First, we give a necessary condition for the density condition in HW(G). 
Proof. Let HW(G) satisfy the density condition. By definition, for every sequence (λ k ) k∈N of strictly positive numbers and every n ∈ N there are m > n and w ∈ W with
We claim
Since each Cesàro mean S l f , l ∈ N 0 , of (the partial sums of) the Taylor series is a polynomial and hence an element of
It is enough to show that (2) implies (1) . For this we fix f ∈ H (G) with |f | min 1 k m λ k w k . Then f is contained in m k=1 λ k B k and hence in C w + B n by (2) . Thus f = g 1 + g 2 with g 1 ∈ C w and g 2 ∈ B n . We get |f | |g 1 | + |g 2 | w + 1 w n on G. If we take the supremum over all f , (1) follows. 2 Now, we want to obtain a condition which only depends on the given sequence of weights W = (w n ) n∈N and not also on the weights w ∈ W .
Proposition 2. (1) implies the following condition:
For every sequence (μ k ) k∈N of strictly positive numbers and every n ∈ N there are m(n) > n and (μ
Proof. First, we fix a sequence (μ k ) k∈N of strictly positive numbers as well as n ∈ N, select m > n as in (1) and put m(n) := m. By (1) we can find w ∈ W such that (min For examples when the assumptions of Proposition 4 are satisfied see [8, 20, 33] . In the sequel we will show that under some additional assumptions the obtained necessary condition is also sufficient. For this we need the following construction introduced by Bierstedt-Bonet in [7] . Let W be a class of strictly positive continuous radial weights v on the unit disc D which satisfy lim r→1− v(r) = 0 and for which the restriction of v to [0, 1) is non-increasing. We suppose that the class W is stable under finite minima, finite maxima and under multiplication by positive scalars.
Next, we assume that there is a sequence R n :
, n ∈ N, of linear operators which are continuous for the compact open topology and such that the range of each R n is a finite-dimensional subspace of the polynomials. It is also assumed that R n R m = R min(n,m) holds for each n, m with n = m and that for each polynomial p there is n such that R n p = p, from which it follows that R m p = p for each m n. Moreover, we suppose that there is c > 0 such that sup |z|=r |R n p(z)| c sup |z|=r |p(z)| for each n, each r ∈ (0, 1) and each polynomial p.
Finally, setting R 0 := 0, and putting r n := 1 − 2 −n , n ∈ N ∪ {0}, we assume that the following conditions are satisfied by the class W:
(P1) There is C 1 such that for each v ∈ W and for each polynomial p: n∈N of polynomials of which only finitely many are non-zero:
The main example for W is the set of all the strictly positive continuous radial weights v on D which satisfy lim r→1− v(r) = 0, are non-increasing on [0, 1), and such that there are ε 0 > 0 and k(0) ∈ N with the following conditions:
In this case, R n is the convolution with the de la Vallée Poussin kernel, i.e. for a holomorphic
In fact, R n f is nothing but the arithmetic mean of the partial sums of index 2 n , . . . , 2 n+1 − 1 of the Taylor series of f . The conditions (L1) and (L2) form a uniform version of the conditions introduced by W. Lusky in [24, 25] , and they also appear in the sequence space representations for weighted (LB)-spaces given by Mattila, Saksman, Taskinen [26] . Bierstedt and Bonet showed that (L1) and (L2) imply the conditions (P1) and (P2) (see [7] ). A function f defined on an interval of the real line is called almost decreasing (respectively almost increasing) if there is C > 0 such that x < y implies f (y) Cf (x) (respectively f (x) Cf (y)). By For more examples of weights satisfying (L1) and (L2) we refer to [24, 25] . Next we need some auxiliary results. 
(e) For every sequence (ξ k ) k∈N of strictly positive numbers and every n ∈ N there are m > n and w ∈ W such that
Proof. (a) ⇔ (c). This is Proposition 6. (a) ⇔ (b)
. By [8] we have C w = C w,0 for every w ∈ W radial. Thus, we can apply Proposition 4 to obtain the desired equivalence.
(b) ⇒ (e). We have B n = B n,0 and B n = C n for every n ∈ N (see [8] ). Hence Proposition 1 implies (e).
(
e) ⇒ (d). See Proposition 2. Thus it remains to show: (d) ⇒ (a). By [8] the space P of polynomials is dense in HW 0 (D).
Hence it is enough to consider only polynomials. We have to show that (d) implies ( * ) of Lemma 7. We fix a sequence (λ k ) k∈N of strictly positive numbers and put μ k := λ k for every k ∈ N. Choose n, m(n) and
2 ). u belongs to the class W, and we have |p| min
, and the sum is finite. We first treat the term R 1 p.
By the condition before (P1) and the estimate on u|p|, we get
We select i ∈ {1, 2} with u(r 1 ) = κ i u i (r 1 ). From the second inequality in (P1), applied to the polynomial R 1 p and u, and once more the condition before (P1), we conclude
we first apply the first inequality in (P1) for u and the estimate for u|p| to get
We can write N as a disjoint union
We fix i ∈ {1, 2} and let p i n := (R n+2 − R n−1 )p for n ∈ J i and p i n := 0 otherwise. The properties of the sequence (R n ) n∈N imply
and all the sums are finite; hence
Since only a finite number of the p i n are non-zero and all the weights belong to the class W, we can apply (P2) and the estimate (4) to conclude
k C k,0 and g 2 ∈ 2D 2 CC n,0 . Thus
k and obtain the claim. 2
Remark 10.
As stated above each normed space satisfies the density condition. For examples of Fréchet spaces which do not satisfy the density condition we refer to Section 4.
In the sequel we want to show that under some assumptions HW 0 (D) has the density condition if and only if it has condition (DCo) of Peris-Rivera (see [30] ). We use the condition (DCO) of Heinrichs (see [18] ) which is equivalent to (DCo). Definition 11. Let F be a metrizable space and (U k ) k∈N be a countable basis of absolutely convex 0-neighborhoods in F . F is said to satisfy (DCO) if for every sequence (λ k ) k∈N of strictly positive numbers and every n ∈ N there are m ∈ N and a bounded operator T ∈ L(F ) such that
A Fréchet space E with (DCo) also has the density condition (see [30] ).
Lemma 12.
(Peris-Rivera [30] ) Let E be a separable Fréchet space and F a dense subspace with (DCo) . Then E also enjoys (DCo). 
where c is the constant of the inequation before (P1), C the constant of (P1) and
Proof. We fix a sequence (λ k ) k∈N of strictly positive numbers as well as n ∈ N and put ξ k : (a) ⇒ (b). By [9] the assumptions yield that the polynomials are dense in HW 0 (D). We want to show that W = (w n ) n∈N enjoys condition ( * * ).
Since HW 0 (D) has the density condition, for every sequence (ξ k ) k∈N of strictly positive numbers and every n ∈ N there are m ∈ N and w ∈ W with
Now, the proof is analogous to the proof of Theorem 9. Using the same notations we write
, 2} and obtain T 1 p ∈ 2D 1 CC w,0 and T 2 p ∈ 2D 2 CC n,0 . Thus
We distinguish the following cases: Case 1. We assume u(r 1 ) = κ 1 u 1 (r 1 ) and define T :
Case 2. We suppose u(r 1 ) = κ 2 u 2 (r 1 ) and define T :
Thus, P and
For examples of sequences W = (w n ) n∈N ⊂ W such that V belongs to the class W we refer to [33] .
The following is a special case of Bierstedt [3, Satz 3.5(1)]).
increasing sequences of strictly positive continuous and radial functions on D.
If
Since the tensor product of two Fréchet spaces with (DCo) also satisfies (DCo) (see PerisRivera [30] ) we get the following consequence.
increasing sequences of strictly positive continuous and radial functions on
D such that each H (U i ) 0 (D) contains the polynomials. HW 0 (D m ) = H (U 1 ) 0 (D) ⊗ ε · · · ⊗ ε H (U m ) 0 (D) satisfies (DCo) if and only if each H (U i ) 0 (D) has (DCo).
Examples of non-distinguished Fréchet spaces of type HW(G)
As stated before for Fréchet spaces the density condition implies distinguishedness. Based on an idea of Bonet-Vogt (see [14] ) in this section we give examples of weighted Fréchet spaces HW(G) of holomorphic functions which are not distinguished, and hence do not have the density condition. Before we construct these examples we want to explain what happens in the case of o-growth conditions. Now, let us turn to the case of O-growth conditions. For a compact subset K of C which is the closure of its interior, we denote by A(K) the Banach algebra of all holomorphic functions on the interior of K which have a continuous extension to the whole set K.
In this section we make the following assumptions:
(a) G is a bounded open domain in C with closure K and boundary ∂G.
(b) There is a discrete sequence (z j ) j ∈N in ∂G of different peak points of A(K) (see [19] ) converging to an element z ∞ of ∂G. (c) W = (w n ) n∈N is an increasing sequence of strictly positive continuous weights on G such that each w n has a continuous extension u n to K \ {z ∞ } and such that for every n ∈ N there is b n > 0 with |u n | b n on K \ {z ∞ }. (d) The Köthe matrix A = (a n ) n∈N is defined by a n (j ) := u n (z j ) for every n, j ∈ N. W.l.o.g. we may assume a 1 (j ) 1 for every j ∈ N.
Endowed with the topology given by the sequence (p n ) n∈N of seminorms, λ ∞ (A) is a Fréchet space. A 0-neighborhood base is given by ( 1 n E n ) n∈N where
W.l.o.g. we may assume that (E n ) n∈N is a 0-neighborhood base of λ ∞ (A).
We need some auxiliary results. 
Proposition 18. (Garnir, De Wilde, Schmets [16]) Let E be a complete locally convex space and T ∈ L(E) be an operator such that there is
U ∈ U 0 (E) with (T − id)(U ) bounded in E and (T − id)(U ) ⊂ αU for 0 < α < 1. Then T is
Theorem 20. The space λ ∞ (A) is isomorphic to a complemented subspace of HW(G).
Proof. By continuity we select, for each j ∈ N, a closed neighborhood
We choose a sequence (ε j ) j ∈N with 0 < ε j < a 1 (j )2 −j −1 ∀j ∈ N and
By (b), for every j ∈ N there is g j ∈ A(K) with g j (z j ) = 1 and |g j (z)| < 1 for every z ∈ K, z = z j . If we denote by C j the closure of K \ U j , then g j is a continuous function on the compact set C j , and the sequence (|g j | k ) k∈N of powers is a decreasing sequence of continuous functions on C j such that lim k→∞ g k j (z) = 0 for every z ∈ C j .
By the theorem of Dini, for every j ∈ N there is k(j ) ∈ N with |g k(j ) j (z)| ε j for every z ∈ C j . We put, for each j ∈ N, e j := g k(j ) j . Then, for every j ∈ N, e j ∈ A(K), e j (z j ) = 1 and e j (z) ε j ∀z ∈ K \ U j .
Now, since lim z→z j e j (z) = e j (z j ) = 1 for every j ∈ N, we can find an open subset V j of U j ∩ G with
Here μ denotes the Lebesgue measure. By assumption and (5) the following holds:
We define the (obviously linear) maps
We claim that both are well defined and continuous. We first prove it for ψ . We fix x ∈ λ ∞ (A). There is C > 0 with |x j | Ca 1 (j ) −1 for every j ∈ N. For every z 0 ∈ K, z 0 = z ∞ , there are j 0 and a neighborhood W of z 0 which does not intersect U j for j j 0 . If z belongs to this neighborhood W , we have
and the series defining ψ(x) converges (absolutely and) uniformly on W . This implies ψ(x) ∈ H (G), and it is continuous on K \ {z ∞ } for every x ∈ λ ∞ (A). In order to check ψ(x) ∈ HW(G) and the continuity of ψ , we fix n ∈ N. W.l.o.g. we may assume sup j ∈N a n (j )|x j | 1 for x ∈ λ ∞ (A). For z ∈ G, there are two possible cases. Case 1. z does not belong to any U j . Then
Case 2. z is an element of U j 0 for some j 0 . Then
From this the conclusion follows.
We prove now that φ is also well defined and continuous. Given f ∈ HW(G) we show φ(f ) ∈ λ ∞ (A) (and the estimates also yield the continuity). For each k ∈ N and each j ∈ N we have
In the sequel we apply Proposition 18 to T = φψ. We have to show that T satisfies the assumptions of Proposition 18. It is easy to see that, if x = (x j ) j ∈ λ ∞ (A), then by the estimates already shown for the continuity of ψ , (φψ − id)(x) =: (y j ) j satisfies (6) Proof. For a given Köthe matrix A = (a n ) n∈N with a n = (a n (j )) j ∈N we put a := (a n (n)) n∈N and define a second Köthe matrix A = (a n ) n∈N by a n := a n a = ( a n (j ) a j (j ) ) j for every n ∈ N. Then a n (j ) a j (j ) 1 for every j n, and each a n is bounded by λ n := max 1, a n (1) a 1 (1) , . . . , a n (n − 1) a n−1 (n − 1) and a 1 (j ) 1 for every j ∈ N. Obviously λ ∞ (A) ∼ = λ ∞ (A ). Since A and D satisfy all the necessary assumptions we can construct a sequence W = (w n ) n∈N of strictly positive continuous functions on D such that each w n has a continuous extension u n to D \{z ∞ } with u n (z j ) = a n (z j ) and such that for every n ∈ N we can find b n > 0 with |u n | b n on D \ {z ∞ }. An application of Theorem 20 yields the conclusion. 2
The next result is due to Bastin, Bierstedt, Bonet and Meise, see [2, 4, 10] . Example 23. (Vogt [32] ) Consider the Köthe matrix A = (a n ) n∈N on N × N given by a n = (a n (k, j )) k,j ∈N with a n (k, j ) := j k , n k, j n , n > k.
Then λ ∞ (A) is not distinguished. Moreover, we can find an increasing sequence W = (w n ) n∈N of weights such that λ ∞ (A) is a complemented subspace of HW(G) (see Theorem 21) . Hence HW(G) is not distinguished.
